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Article Info: Abstract: High-fidelity two-qubit gates are essential for scalable quantum 

computation in superconducting transmon circuits. However, weak anharmonicity 
can induce leakage outside the computational subspace, while relaxation and 
dephasing reduce gate fidelity. This study presents a numerical simulation of a 
CNOT gate in a coupled two-transmon system. Each transmon is modeled as a three-
level system, where |0⟩ and |1⟩ form the computational subspace, while |2⟩ is 
included to evaluate leakage. The control pulses are optimized using a two-channel 
chopped random basis (CRAB) method. The pulse u_1 (t) is applied to the control 
transmon as the main drive, while u_2 (t) is applied to the target transmon as a 
correction drive. The system is simulated under closed- and open-system conditions. 
In the open system, energy relaxation and pure dephasing are included through the 
Lindblad master equation. CRAB optimization improves the CNOT basis fidelity 
from 0.65 to 0.96 in the closed system and from 0.65 to 0.95 in the open system. The 
final leakage remains small, around 10^(-3). These results indicate that the correction 
drive can improve CNOT gate performance while keeping leakage low. 
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Introduction  
Quantum Quantum gates are basic operations in 

quantum information processing because they control 
the amplitude, coherence, and relative phase of 
quantum states. In quantum circuits, single-qubit gates 
and two-qubit gates are required to construct more 
complex quantum operations. Among the two-qubit 
gates, the controlled-NOT (CNOT) gate is particularly 
important because, together with single-qubit gates, it 
forms a universal gate set for quantum computation and 
is widely used for circuit synthesis, entanglement 
generation, and quantum error correction (Krantz et al., 
2019; Ma et al., 2018; Maslov \& Zindorf, 2022). Since a 
CNOT gate directly creates conditional two-qubit 
dynamics, small control errors, leakage to 
noncomputational states, and decoherence can strongly 
reduce the reliability of the resulting quantum circuit. 
Therefore, improving the fidelity of the CNOT gate is 

essential for building more accurate and scalable 
quantum processors. 

Although several methods have been proposed to 
realize high-fidelity two-qubit gates in superconducting 
circuits, maintaining high fidelity in weakly anharmonic 
transmon systems remains challenging (Krantz et al., 
2019; Kirchhoff et al., 2018; Patterson et al., 2019). The 
weak anharmonicity of transmons makes the system 
susceptible to leakage from the computational subspace, 
especially when strong or fast control pulses are applied. 
In addition, many pulse-design studies focus mainly on 
closed-system dynamics, while realistic gate 
performance must also be evaluated under open-system 
effects such as energy relaxation and pure dephasing 
(Manzano, 2020; Chen et al., 2025). Based on this gap, 
this study investigates a two-channel CRAB 
optimization scheme for a CNOT gate in a coupled two-
transmon system modeled beyond the ideal two-level 
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approximation. The novelty of this work lies in 
combining a three-level transmon model, two-channel 
CRAB pulse correction, and closed and open system 
evaluation to analyze fidelity improvement and leakage 
suppression simultaneously. 

Superconducting circuits are one of the main 
platforms used to realize quantum gates. In this 
platform, quantum states are formed from circuit 
variables, such as superconducting phase and Cooper 
pair number, so the qubit properties can be engineered 
through circuit design (Krantz et al., 2019; Leonard et al., 
2019). The transmon qubit is commonly used because it 
has lower sensitivity to charge noise compared with the 
charge qubit. The basic Hamiltonian of a transmon can 
be expressed as follows 
 

𝑯 = 𝟒𝑬𝑪(𝒏̂ − 𝒏𝒈)
𝟐
− 𝑬𝑱 𝐜𝐨𝐬 𝝋̂ , 

 
where 𝐸𝐶  represents the charging energy, 𝐸𝐽 

represents the Josephson energy, 𝑛̂  is the Cooper-pair 
number operator, 𝑛𝑔  is the offset charge, and 𝜑̂  is the 

superconducting phase operator. In the regime 𝐸𝐽 ≫ 𝐸𝐶 , 

the transmon can be approximated as a weakly 
anharmonic oscillator. Therefore, the two lowest energy 
levels, |0⟩  and |1⟩ , are used as the computational 
subspace of the qubit. (Krantz et al., 2019). 

Although the transmon is commonly treated as a 
qubit, physically it is a multilevel system. This means 
that higher excited states, especially |2⟩ , may still 
influence the gate dynamics when the control pulse is 
not designed carefully. Population transfer from the 
computational subspace to higher states is known as 
leakage, and it can reduce gate fidelity (Goss et al., 2022; 
Kandala et al., 2021). Figure 1 illustrates the transmon 
energy ladder, where the level spacing is not uniform 
because of the weak anharmonicity. In this work, the 
levels |0⟩ and |1⟩ are used as the computational basis, 
while |2⟩  is included in the model to capture the 
possibility of leakage. Thus, the system is not treated as 
an ideal two levels of qubit, but as a more realistic three 
levels of transmon model. 

To construct a CNOT gate, two transmons must 
interact through an effective coupling. In fixed 
frequency transmon architectures, two qubit gates are 
commonly realized using microwave driven 
interactions, such as the cross-resonance mechanism, in 
which one transmon is driven near the transition 
frequency of the other to produce an effective two qubit 
coupling (Kirchhoff et al., 2018; Patterson et al., 2019). In 
this system, one transmon can be used as the control 
qubit, while the other transmon acts as the target qubit. 
The resulting gate performance depends not only on the 
desired interaction itself, but also on the detailed pulse 
shape and on non ideal effects such as unwanted 

couplings, static 𝑍𝑍  interaction, crosstalk, frequency 
crowding, and leakage to non computational levels 
(Kandala et al., 2021; Klimov et al., 2024; Stehlik et al., 
2021). 

 

 
Figure 1. Transmon energy ladder as a weakly 

anharmonic oscillator. 
For this reason, quantum optimal control becomes 

important in designing control pulses that can drive the 
system close to the desired target operation. In quantum 
optimal control, the pulse parameters are adjusted to 
maximize gate fidelity or minimize an error functional 
(Huang & Goan, 2014; Abdelhafez et al., 2020). One 
practical method is the chopped random basis (CRAB) 
method, in which the control pulse is expanded in a 
limited number of basis functions, so the optimization 
can be performed using a relatively small set of 
parameters (Caneva et al., 2011). This method is suitable 
for simple numerical studies and is also relevant for 
physical implementations because realistic microwave 
pulses are constrained by finite amplitude, bandwidth, 
and time resolution (Rach et al., 2015; Chen et al., 2025). 
In addition, in transmon systems the pulse must not be 
excessively strong or too rapid, since that can enhance 
leakage and other coherent errors (Goss et al., 2022; 
Kirchhoff et al., 2018). 

Based on this background, this study performs a 
numerical investigation of a CNOT gate in a system of 
two coupled three-level transmons. The first transmon is 
treated as the control qubit, while the second transmon 
is treated as the target qubit. Each transmon is modeled 
using the three lowest energy levels, where |0⟩ and |1⟩ 
form the computational subspace, while |2⟩ is included 
to observe leakage. 

Two control pulses are used in this study. The 
pulse 𝑢1(𝑡)  is applied to the control transmon as the 
main drive, while 𝑢2(𝑡) is applied to the target transmon 
as a correction drive inspired by the cancellation-tone 
concept in cross-resonance gates (Alexander et al., 2020; 
Patterson et al., 2019). The pulse shapes are optimized 
using the CRAB method. The performance of the gate is 
evaluated from the CNOT basis fidelity, which describes 
how close the final state transformation is to the ideal 
CNOT operation, and from the leakage outside the 
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computational subspace. This study considers both 
closed and open system dynamics, where the open 
system model includes energy relaxation and pure 
dephasing through the Lindblad master equation 
(Manzano, 2020; Chen et al., 2025). Therefore, the main 
objective of this work is to analyze how dual-control 
CRAB pulses affect population dynamics, leakage, and 
CNOT gate fidelity in a coupled two-transmon system. 

 

Method 
The numerical simulation is performed for a 

CNOT gate in a system of two coupled transmons. Each 
transmon is modeled as a three-level system consisting 
of |0⟩, |1⟩, and |2⟩. The levels |0⟩ and |1⟩ are used as the 
computational subspace, while the level |2⟩ is included 
to observe possible population leakage. This three-level 
model is used because a transmon is not an ideal two-
level qubit. Due to its finite anharmonicity, population 
may be transferred to a non-computational level during 
the pulse-driven gate operation (Krantz et al., 2019; Goss 
et al., 2022). The Hilbert space of the system is written as 

 

ℋ = ℂ3 ⊗ℂ3, 
 
so the total dimension of the system is 9. 
In this simulation, the first transmon is assigned 

as the control qubit, while the second transmon is 
assigned as the target qubit. The four computational 
basis states, namely |00⟩, |01⟩, |10⟩, and |11⟩, are used as 
the input states. The target operation follows the ideal 
CNOT mapping, 

 
|00⟩ → |00⟩,   |01⟩ → |01⟩, 
|10⟩ → |11⟩,   |11⟩ → |10⟩. 

 

 
Figure 2. Conceptual scheme of two coupled three-level 
transmons. Transmon 1 acts as the control qubit, while 

Transmon 2 acts as the target qubit. 
 
Based on this operation, the target qubit changes 

its state only when the control qubit is in the state |1⟩. If 
the control qubit is in the state |0⟩, the state of the target 
qubit remains the same. 

The system Hamiltonian is written in a rotating 
frame. This frame removes the fast microwave carrier 

oscillation at the GHz scale, so the simulation only needs 
to calculate the slower dynamics of the pulse envelope. 
The total Hamiltonian used in this study is 

 
𝐻(𝑡) = 𝐻0 + 𝑢1(𝑡)𝐻𝑐,1 + 𝑢2(𝑡)𝐻𝑐,2, 

 
where the drift Hamiltonian is given by 
 

𝐻0 =∑[𝛿𝑗𝑛̂𝑗 +
𝛼𝑗

2
𝑛̂𝑗(𝑛̂𝑗 − 𝐼)]

2

𝑗=1

+𝐽(𝑏̂1
†𝑏̂2 + 𝑏̂1𝑏̂2

†).

 

 

Here, 𝑏̂𝑗  is the annihilation operator of the 𝑗 -th 

transmon, 𝑛̂𝑗 = 𝑏̂𝑗
†𝑏̂𝑗  is the excitation number operator, 

𝛼𝑗  is the anharmonicity, and 𝐽 is the coupling strength 

between the two transmons. The detuning is defined as 
𝛿𝑗 = 𝜔𝑗 − 𝜔𝑑 , where 𝜔𝑑  is the drive frequency. In this 

study, the drive frequency is chosen to be close to the 
target-transmon frequency. In the numerical 
implementation, 𝜔𝑑 = 𝜔2 is used, so that 𝛿2 = 0. 

 Two control pulses are applied to the system 
through the control operators 

 

𝐻𝑐,𝑗 =
1

2
(𝑏̂𝑗 + 𝑏̂𝑗

†),   𝑗 = 1,2. 

 
The first control channel, 𝑢1(𝑡), is applied to the 

first transmon as the main drive. The second control 
channel, 𝑢2(𝑡), is applied to the second transmon as a 
correction drive. The use of these two channels is 
inspired by the cross-resonance gate. In this mechanism, 
a microwave drive applied to the control qubit can 
generate an effective two-qubit interaction, but it may 
also produce unwanted rotations on the target qubit. To 
reduce this unwanted effect, cross-resonance 
implementations can use a cancellation tone on the 
target qubit (Patterson et al., 2019; Alexander et al., 
2020). Therefore, in this study, 𝑢2(𝑡)  is treated as a 
correction channel and optimized together with 𝑢1(𝑡). 

The system dynamics are calculated under two 
conditions. The first condition is the closed system case, 
where the evolution is determined only by the 
Hamiltonian 𝐻(𝑡) . The second condition is the open 
system case, where the evolution is affected by energy 
relaxation and pure dephasing. For the open system, the 
density matrix 𝜌 is evolved using the Lindblad master 
equation 

In these equations, 𝑇1  represents the energy 
relaxation time, while 𝑇𝜙 represents the pure dephasing 

time. Energy relaxation describes the loss of excitation 
from the qubit to the environment, whereas pure 
dephasing describes the loss of phase coherence without 
directly changing the population. The Lindblad 
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equation is used because it is a standard approach for 
modeling Markovian open quantum systems interacting 
with an environment (Manzano, 2020; Chen et al., 2025). 

 

𝜌̇ = −𝑖[𝐻(𝑡), 𝜌] +∑𝒟

2

𝑗=1

[√
1

𝑇1,𝑗
𝑏̂𝑗] 𝜌

+∑𝒟

2

𝑗=1

[√
2

𝑇𝜙,𝑗
𝑛̂𝑗] 𝜌

 

 
The dissipation superoperator is defined as 
 

𝒟[𝐿]𝜌 = 𝐿𝜌𝐿† −
1

2
(𝐿†𝐿𝜌 + 𝜌𝐿†𝐿) 

 
The control pulses 𝑢1(𝑡) and 𝑢2(𝑡) are optimized 

using the chopped random basis, or CRAB, method. In 
this method, the pulse is not treated as a fully free 
function. Instead, it is expanded using a finite number of 
sine and cosine functions. This makes the optimization 
simpler because only a limited number of coefficients 
need to be optimized. For the 𝑗-th control channel, the 
pulse is written as 

 

𝑢𝑗(𝑡) = 𝑢max,𝑗𝑆(𝑡)[𝑐𝑗,0

+∑(𝐴𝑗,𝑘 sin(𝜈𝑗,𝑘𝑡) + 𝐵𝑗,𝑘 cos(𝜈𝑗,𝑘𝑡))

𝑁𝑐

𝑘=1

]
, 

 
with the envelope function 
 

𝑆(𝑡) = sin2 (
𝜋𝑡

𝑇𝑔
) . 

 
This envelope forces the pulse to be zero at the 

beginning and at the end of the gate, so the pulse turns 
on and off smoothly. In Equation (9), 𝑐𝑗,0, 𝐴𝑗,𝑘, and 𝐵𝑗,𝑘 

are the optimized coefficients. The basis frequencies 𝜈𝑗,𝑘 

are slightly randomized from the main Fourier modes to 
provide more flexibility in the pulse shape. The CRAB 
method is chosen because it transforms a time 
dependent pulse optimization problem into an 
optimization problem with a finite number of 
parameters (Caneva et al., 2011; Rach et al., 2015). 

 The CNOT performance is evaluated using the 
average basis-state fidelity over the four computational 

input states. If 𝜌𝑚(𝑇𝑔) is the final state for the 𝑚-th input 

and |𝜓𝑚
tar⟩  is the corresponding target state from the 

ideal CNOT mapping, then the basis-state fidelity is 
written as 

 

𝐹basis =
1

4
∑⟨𝜓𝑚

tar|

𝑚

𝜌𝑚(𝑇𝑔)|𝜓𝑚
tar⟩, 

where 𝑚 ∈ {00,01,10,11}. A fidelity value close to 
one indicates that the final states are close to the ideal 
CNOT output states. 

In addition to fidelity, this study also calculates 
leakage. Leakage represents the population that leaves 
the computational subspace. The computational 
subspace consists only of the states |00⟩, |01⟩, |10⟩, and 
|11⟩. For each input state, leakage is calculated as 

 

𝑃leak
(𝑚)(𝑡) = 1 − Tr[𝑃𝑐𝜌𝑚(𝑡)], 

 
With 
 

𝑃𝑐 = ∑|𝑚⟩

𝑚

⟨𝑚|,   𝑚 ∈ {00,01,10,11}. 

 
The average leakage over the four computational 

inputs is then written as 
 

𝑃leak(𝑡) =
1

4
∑𝑃leak

(𝑚)

𝑚

(𝑡). 

 
Based on this definition, any population in states 

involving the level |2⟩ is counted as leakage. A smaller 
leakage value means that the control pulse is better at 
keeping the population inside the computational 
subspace. 

The CRAB coefficients are obtained by 
minimizing the objective function 

 

𝒥 = &1 − 𝐹basis + 𝜆𝐿𝑃leak(𝑇𝑔) 

+𝜆𝐸
1

2𝑇𝑔
∑∫ |

𝑢𝑗(𝑡)

𝑢max,𝑗

|

2𝑇𝑔

0

2

𝑗=1

𝑑𝑡. 

 
The first term guides the system toward the target 

CNOT operation, the second term penalizes leakage, 
and the third term limits the pulse energy. The 
optimization is first performed in the closed-system case 
to obtain the CRAB pulse. After that, the optimized 
pulse is tested again in the open system case by 
including relaxation and dephasing. With this 
procedure, the ideal performance and the performance 
under decoherence can be compared. 

The numerical parameters used in this study are 
shown in Table 1. The transmon frequencies, 
anharmonicities, coupling strength, 𝑇1, and 𝑇𝜙 are based 

on the two-transmon cross-resonance device studied by 
Patterson et al. (2019). The gate time is chosen as 𝑇𝑔 =

180 ns  because it is on the same order as CNOT 
implementations in fixed-frequency transmons 
(Kandala et al., 2021). The number of CRAB modes is 
chosen as 𝑁𝑐 = 6 to give enough pulse flexibility while 
keeping the number of optimization parameters limited. 
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The amplitude limits, 𝑢max,1/2𝜋 = 100 MHz and 𝑢max,2/

2𝜋 = 80 MHz , are chosen in the range of tens to 
hundreds of MHz, which is consistent with the 
microwave-control scale used in superconducting-
circuit pulse optimization (Kirchhoff et al., 2018; Chen et 
al., 2025). In the numerical implementation, all 
frequencies are converted into angular frequencies using 
𝜔 = 2𝜋𝑓. 

 
Tabel 1. Numerical parameters used in the dual control 
simulation. 

Parameters Symbols Values 

Levels per transmon 𝑁 3 
Transmon 1 frequency 𝜔1/2𝜋 6.509 GHz 
Transmon 2 frequency 𝜔2/2𝜋 5.963 GHz 
Drive frequency 𝜔𝑑/2𝜋 5.963 GHz 
Transmon 1 
anharmonicity 

𝛼1/2𝜋 −300 MHz 

Transmon 2 
anharmonicity 

𝛼2/2𝜋 −314 MHz 

Interqubit coupling 𝐽/2𝜋 10.7 MHz 
Relaxation time 1 𝑇1,1 16.2 𝜇s 
Relaxation time 2 𝑇1,2 23.9 𝜇s 
Pure dephasing time 1 𝑇𝜙,1 111 𝜇s 

Pure dephasing time 2 𝑇𝜙,2 134 𝜇s 

Gate time 𝑇𝑔 180 ns 
Time step 𝛥𝑡 0.5 ns 

CRAB modes per channel 𝑁𝑐 6 

Main drive amplitude 
limit 

𝑢max,1/2𝜋 100 MHz 

Correction drive 
amplitude limit 

𝑢max,2/2𝜋 80 MHz 

Leakage penalty 𝜆𝐿 5 × 10−2 
Energy penalty 𝜆𝐸 10−5 
Optimization restarts - 4 
Iterations per restart - 800 

The parameters are adapted from superconducting-transmon, 
cross resonance, and quantum control studies (Krantz et al., 
2019; Goss et al., 2022; Patterson et al., 2019; Kandala et al., 
2021; Caneva et al., 2011; Rach et al., 2015; Kirchhoff et al., 2018; 
Chen et al., 2025). 

 

Result and Discussion 
The simulation was performed to evaluate the 

performance of a CNOT gate in a system of two three-
level transmons using two channel CRAB pulse 
optimization. The channel 𝑢1(𝑡) is applied to the control 
transmon as the main drive, while the channel 𝑢2(𝑡) is 
applied to the target transmon as a correction drive. The 
use of these two channels is inspired by the cross-
resonance gate. In this gate, a drive on the control qubit 
can generate a two qubit interaction, but it can also 
produce unwanted local rotations on the target qubit 
(Patterson et al., 2019; Alexander et al., 2020). Therefore, 

the second channel is used to help correct the target 
dynamics so that the final result becomes closer to the 
ideal CNOT transformation. 

The main simulation results are shown in Table 2. 
In the closed system, the initial pulse gives a CNOT basis 
fidelity of 0.65 with an average final leakage of 1.51 ×
10−3. After two-channel CRAB optimization, the fidelity 
increases to 0.96 , while the average final leakage 
becomes 2.27 × 10−3. These results show that the CRAB 
pulse can produce a much better gate dynamics than the 
initial pulse. In terms of infidelity, 1 − 𝐹basis, the error 
decreases from 0.35  to 0.04 . Thus, the two-channel 
CRAB optimization successfully reduces the basis-state 
error. This result is consistent with the purpose of the 
CRAB method, which is to find an optimal pulse shape 
using a small number of parameters in sine and cosine 
bases (Caneva et al., 2011; Rach et al., 2015). 

 
Tabel 2: Comparison of CNOT basis fidelity and average 
final leakage for the initial pulse and the two channel 
CRAB pulse. 

Case 𝑭𝐛𝐚𝐬𝐢𝐬 𝑷𝐥𝐞𝐚𝐤(𝑻𝒈) 

Initial closed system 0.65 1.51 × 10−3 
CRAB closed system 0.96 2.27 × 10−3 
Initial open system 0.65 1.50 × 10−3 
CRAB open system 0.95 2.30 × 10−3 

 
The initial pulse and the optimized pulse are 

shown in Figure 3. In the initial pulse, the main channel 
𝑢1(𝑡)  is applied to the control transmon, while the 
correction channel 𝑢2(𝑡) on the target transmon is still 
zero. After optimization, 𝑢1(𝑡)  becomes the dominant 
main pulse. At the same time, 𝑢2(𝑡) becomes active and 
forms a correction pulse. This shows that CRAB uses the 
additional channel on the target transmon to improve 
the gate dynamics. Physically, this result is consistent 
with the concept of a cancellation tone in the cross-
resonance gate, where an additional correction is 
applied to the target qubit to suppress unwanted local 
rotations (Patterson et al., 2019; Alexander et al., 2020). 

The optimization process is shown by the fidelity 
curve in Figure 4. The curve shows that the best fidelity 
increases gradually during the CRAB parameter search. 
Some local decreases in fidelity appear at certain 
iterations because the optimization uses several restarts 
from different initial parameters. Therefore, these local 
decreases do not mean that the optimization fails, but are 
part of the search strategy to obtain a better solution. The 
best-fidelity curve shows that the optimization finds a 
pulse with a maximum basis fidelity of 0.96 in the closed 
system. 

In the open system, the fidelity of the initial pulse 
is 0.65, while the fidelity of the CRAB pulse is 0.95. This 
value is slightly lower than the result in the closed 
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system. For the optimized pulse, the fidelity decrease 
from the closed system to the open system is 0.01. This 
decrease is relatively small. It means that energy 
relaxation and pure dephasing are not the main limiting 
factors for the gate time 𝑇𝑔 = 180 ns and the coherence 

parameters used in this study. In other words, the CRAB 
pulse obtained from closed system optimization still 
performs well when tested in the open system using the 
Lindblad master equation (Manzano, 2020; Chen et al., 
2025). 

 

 
 

Figure 3. Initial pulse and optimized two channel 
CRAB pulse. 

 
Figure 4. CNOT basis fidelity curve during the two-

channel CRAB optimization process. 
 
The leakage after optimization is slightly larger 

than that of the initial pulse, but it remains on the order 
of 10−3. In the closed system, the average final leakage 
changes from 1.51 × 10−3  to 2.27 × 10−3 . In the open 
system, the average final leakage after optimization is 
2.30 × 10−3. This value is still small, so the increase in 
fidelity is not accompanied by a large population 
leakage to non-computational levels. This is important 
because a transmon has limited anharmonicity. 
Therefore, the level |2⟩  must still be included in the 
model to evaluate leakage during the gate process 
(Krantz et al., 2019; Goss et al., 2022). 

 

            
Figure 5. Representative population dynamics in the closed system after two-channel CRAB optimization. The left 
panel shows the input |00⟩, where the target state does not change. The right panel shows the input |11⟩, which 

represents the conditional flip case toward |10⟩. The leakage curve shows the population that leaves the 
computational subspace. 

 
The analysis for each CNOT input is shown in 

Table 3. For the inputs |00⟩ and |01⟩, the final fidelities 
are 0.96  and 0.96 , respectively. These two inputs 
represent the condition where the control qubit is in the 
state |0⟩, so the target qubit does not need to flip. For the 
inputs |10⟩  and |11⟩ , the final fidelities are 0.95  and 
0.95, respectively. These two inputs are more difficult 
because the target qubit must flip when the control qubit 
is in the state |1⟩. The largest leakage appears for the 
input |11⟩ , with a value of 5.12 × 10−3 . Thus, the 

transition |11⟩ → |10⟩  becomes the most challenging 
part in the CNOT gate formation in this simulation. 

The representative population dynamics are 
shown in Figure 5. The input |00⟩ is chosen to represent 
the case where the control qubit is in the state |0⟩, so the 
target qubit does not change. In this case, the final 
population remains dominant in the state |00⟩, which 
agrees with the CNOT rule. In contrast, the input |11⟩ is 
chosen to represent the more difficult conditional flip 
case. In this case, the population mainly moves to the 
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state |10⟩, which is the CNOT target state. The leakage 
curve for the input |11⟩ is larger than that for the input 
|00⟩, consistent with the results in Table 3. Therefore, the 
population dynamics support the result that the two-
channel CRAB pulse can produce the CNOT mapping in 
the computational basis. 

 
Tabel 3. Final fidelity and leakage for each CNOT input 
in the closed system after two channel CRAB 
optimization. 

Input Fidelity Leakage 

|00⟩ 0.96 1.35 × 10−13 
|01⟩ 0.96 1.52 × 10−6 
|10⟩ 0.95 3.98 × 10−3 
|11⟩ 0.95 5.12 × 10−3 

 
The summary of fidelity and leakage is shown in 

Figure 6. The fidelity panel shows that CRAB 
optimization improves the gate performance in both the 
closed and open systems. The leakage panel shows that 
the final leakage after optimization slightly increases, 

but it remains on the order of 10−3 . Therefore, the 
fidelity improvement is not obtained at the cost of large 
leakage. This figure supports the results in Table 3, 
showing that the two channel CRAB pulse gives a clear 
performance improvement while keeping the non 
computational population small. 

In summary, the simulation results show that 
two-channel CRAB optimization can improve the 
performance of the CNOT gate in two coupled 
transmons. The basis fidelity increases from about 0.65 
to about0.96 in the closed system, and remains around 
0.95 in the open system. The final leakage remains small, 
on the order of 10−3 . These results show that the 
combination of the main drive on the control transmon 
and the correction drive on the target transmon can be a 
relevant strategy to improve the quality of a transmon 
based CNOT gate. However, it should be noted that the 
fidelity used in this study is the CNOT basis fidelity, not 
the full process fidelity. Therefore, these results should 
be understood as an initial evaluation of the success of 
the four computational-basis transformations. 

 

 
Figure 6. Summary of CNOT gate performance for the initial pulse and the two channel CRAB pulse. The left panel shows the 

basis fidelity in the closed and open systems. The right panel shows the final leakage. CRAB optimization significantly 

improves the fidelity, while the leakage remains on the order of 10−3. 
 

Conclusion  
This study has performed a numerical simulation 

of a CNOT gate in a system of two three-level transmons 
using two channel CRAB pulse optimization. The first 
transmon is used as the control qubit, while the second 
transmon is used as the target qubit. The channel u_1 (t) 
acts as the main drive on the control transmon, while the 
channel u_2 (t) acts as a correction drive on the target 
transmon. The three-level model is used so that leakage 
to the non computational level |2⟩ can be observed. The 
effects of energy relaxation and pure dephasing are also 
included through the Lindblad master equation. 

The simulation results show that two channel 
CRAB optimization can clearly improve the CNOT basis 
fidelity. In the closed system, the fidelity increases from 
0.65 to 0.96. In the open system, the fidelity increases 
from 0.65 to 0.95. The fidelity decrease from the closed 

system to the open system is only about 0.01, indicating 
that decoherence is not yet the main limiting factor for 
the parameters used in this study. The final leakage after 
optimization also remains small, on the order of 10^(-3). 
Therefore, the fidelity improvement is not accompanied 
by a large population leakage. For future development, 
the gate evaluation can be extended by using process 
fidelity or average gate fidelity, instead of only the 
CNOT basis fidelity (Alexander et al., 2020; Kandala et 
al., 2021). The optimization can also be performed 
directly in the open-system model, so that relaxation and 
dephasing effects are included during the pulse-search 
process (Manzano, 2020; Chen et al., 2025). In addition, 
the CRAB method can be compared with other methods 
such as dCRAB, GRAPE, or Krotov, and the optimized 
gate can be tested under variations of gate time, pulse 
amplitude, detuning, interqubit coupling, and 
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decoherence parameters (Caneva et al., 2011; Rach et al., 
2015; Kirchhoff et al., 2018; Patterson et al., 2019; Wittler 
et al., 2021). 
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